We show that given n ∈ N and positive numbers p, λ 1 , λ 2 with p > 2n, there exists some ǫ = ǫ(p, n, λ 1 , λ 2 ) > 0 such that if a compact 4n-dimensional spin Rimannian manifold (M, g) satisfies −λ 1 ≤ Ric(g) ≤ ǫ, diam(g) ≤ 1, 1 V (g) M |ℜ g | p dV ≤ λ 2 and has infinite isometry group, then the elliptic genera of M vanish. This extends our simple observation that a compact 4n-dimensional spin Rimannian manifold with nonpositive Ricci curvature and infinite isometry group has vanishing elliptic genera. To the author's best knowledge, it is the first time in the literature that the elliptic genera are shown to vanish based on curvature assumptions and analytic methods.
Elliptic genera were first constructed by Ochanine [52] and Landweber-Stong in a topological way. Witten gave a geometric interpretation of elliptic genera by showing that formally they are indices of Dirac operators on free loop space [60, 61] . The theory of elliptic genera gives a connection among the Atiyah-Singer index theory, Kac-Moody affine Lie algebra, modular forms and quantum field theory. The background and introduction of elliptic genera can be found in [27, 34] .
We now recall some basic facts about elliptic genera. Let M be a 4n dimensional compact oriented manifold and {±2π √ −1z j , 1 ≤ j ≤ 2n} denote the formal Chern roots of T C M , the complexification of the tangent vector bundle T M . LetÂ
be the HirzebruchÂ-class andL-class of M respectively. Let E be a complex vector bundle. Let ch(E) be the Chern character of E. For any complex number t, let Λ t (E) = C| M + tE + t 2 Λ 2 (E) + · · · , S t (E) = C| M + tE + t 2 S 2 (E) + · · · denote the total exterior and symmetric powers of E respectively, which live in K(M ) [[t] ] (c.f. page 117-119 in [1] ). The following relations on these two operations hold,
The elliptic genera of M can be defined as (c.f. chap. 6 in [27] and [40] )
are the Witten bundles introduced in [61] . One can expand these elements into Fourier series, and see that Ell 1 (M ) is a q-deformation of σ(M ), the signature of M ; and Ell 2 (M ) is a qdeformation ofÂ(M ), theÂ genus of M . By the Atiyah-Singer index theorem [3] , Ell 1 (M ) can be expressed analytically as index of the twisted signature operator
where d s is the signature operator; and furthermore when M is spin, Ell 2 (M ) can be expressed analytically as index of the twisted Dirac operator,
where D is the Atiyah-Singer spin Dirac operator on M [61] . Although the definitions of elliptic genera given above depend on the the smooth structure of M , they are in fact homeomorphism invariants. Actually the elliptic genera can be defined via Chern root algorithm as (cf. chap.6 in [27] and [40] )
with τ ∈ H, the upper half-plane, and q = e 2π √ −1τ . Here θ(v, τ ), θ 1 (v, τ ) and θ 2 (v, τ ) are the Jacobi theta functions (c.f. [10] ):
. It turns out that the elliptic genera of M depend only on its rational Pontryagin classes and therefore are homeomorphism invariants of M by a famous theorem of Novikov. As the elliptic genera only depend on the rational Pontryagin numbers, they are also oriented bordism invariants.
By the Chern Weil theory, elliptic genera can also be expressed in terms of curvature. Suppose ∇ T M be a connection on T M and R T M = (∇ T M ) 2 be its curvature. One has ( [18] )
.
(1.13)
One of the important properties of elliptic genera is modularity. More precisely it can be shown that Ell 1 (M ) is a modular form of weight 2n over Γ 0 (2) and Ell 2 (M ) is a modular form of weight 2n over Γ 0 (2) and they are modularly related ( [64] ). See Theorem 2.1 and the proof of Theorem 2.2 for explanations. The theory of elliptic genera triggers the vast development of elliptic (co)homology theory [33, 35] .
Anther important properties of elliptic genus is rigidity. Let M be a closed smooth manifold and P be an elliptic operator on M . We assume that a compact connected Lie group G acts on M nontrivially and that P commutes with the G-action. Then the kernel and cokernel of P are finite dimensional representations of G. The equivariant index of P is the character of the virtual representation of G defined by Ind(P, h) = Tr h ker P − Tr h coker P , h ∈ G.
(1.14)
P is said to be rigid for the G-action if Ind(P, h) does not depend on h ∈ G. Motivated by physics, Witten conjectured that the operators
) are rigid. The Witten conjecture was first proved by Taubes [56] and Bott-Taubes [9] . In [41, 42] , using the modular invariance property, Liu presented a simple and unified proof as well as vast generalizations of the Witten conjecture. The rigidity theorems have been generalized in [19, 21, 43, 44, 45, 46, 47, 48, 49] etc. to various situations. We will summarize the basic properties of elliptic genera needed for the proof of Theorem 1.2 in Section 2. Closely related to elliptic genera is the Witten genus
When M is spin,
Using Chern roots algorithm, one has
If M is a string manifold, i.e. 1 2 p 1 (T M ) = 0, or even weaker, if M is spin and the first rational Pontryagin class of M vanishes, then W (M ) is a modular form of weight 2n over SL(2, Z) ( [64] ). The homotopy theoretical refinement of the Witten genus on string manifolds leads to the theory of topological modular form, the "universal elliptic cohomology", developed by Hopkins and Miller [28] . The string condition is the orientability condition for this generalized cohomology theory.
The Witten genus is an obstruction to simply connected Lie group actions on string manifolds. Actually it has been shown that a string manifold with a nontrivial S 3 -action has vanishing Witten genus [41, 20] . Recently this vanishing theorem has been generalized to proper actions of non compact Lie groups on non compact manifolds in [26] .
The Witten genus is also conjectured to be an obstruction to positive Ricci curvature on string manifolds. More precisely, the famous Stolz conjecture [55] says that if M is a smooth closed string manifold of dimension 4n and admits a Riemannian metric with positive Ricci curvature, then the Witten genus W (M ) vanishes. This conjecture can be viewed as the higher version of the classical Lichnerowicz theorem [39] . So far the Stolz conjecture is still open.
Our Theorem 1.2 gives a relationship between Ricci curvature and the elliptic genera. The following example shows that on a closed spin Riemannian manifold, without the curvature assumptions in Theorem 1.2 or Corollary 1.3, even if the isometry group is infinite, the elliptic genera do not necessarily vanish.
Example 2. Let M be a 4n dimensional smooth closed spin manifold. The famous Atiyah-Hirzebruch vanishing theorem asserts that if M carries a nontrivial S 1 -action, thenÂ(M ) = 0 [2] . Let X = X(5; 2) be a smooth quadric hypersurface in CP 5 . This is a 8 dimensional closed spin manifold carrying the linear SO(6) action and therefore a nontrivial S 1 -action, preserving the Kähler metric on X induced by the embedding X ⊂ CP 5 . HenceÂ(X) = 0. We will show that XÂ (T X)ch(T C X) = 0, which implies Ell 2 (X) = 0 by (1.6) . Actually by the 8 dimensional miraculous cancellation formula ( [40] ), one has
where σ(X) is the signature. SinceÂ(X) = 0, we just need to show that σ(X) = 0. Let x ∈ H 2 (CP 5 , Z) be the generator. Then by the Hirzebruch signature theorem and Poincaré duality, one sees that
We now discuss the main idea in the proof of Theorem 1.2. We prove it by contradiction. If Theorem 1.2 is not true, given n ∈ N and positive numbers p, λ 1 , λ 2 with p > 2n, then there is a sequence of compact 4n-dimensional spin Riemannian manifolds (M i , g i ) with infinite isometry groups and
By Theorem 2.1, we see Ell 2 (M i ) = 0 implies that Ell 1 (M i ) = 0. Hence we only deal with the case Ell 2 (M i ) = 0. By Theorem 2.2, there exists some k i with 0 ≤ k i ≤ n 2 such that
where D i is the Atiyah-Singer spin Dirac operator on M i and B k i (T C M i ) is an integral linear combination of bundles of type
who are subbundles of tensor products of T C M of power at most k i . Denote the twisted operator
As the isometry group of (M i , g i ) is infinite, there is a nonzero Killing vector field X i on M i generating an isometric S 1 action on M i . By passing to a cover of S 1 , if necessary, we assume that the S 1 action preserves the spin structure of M i . By Theorem 2.3, P i is rigid. So we have
As the equivariant index Ind(P i , λ) is a Laurent polynomial of λ and independent on λ ∈ S 1 , one must have
Consider the following Witten deformation of P i :
(1.18)
Since Ind P i = 0 and P i is self adjoint, we see that there must exist some nonzero
where L X i s i is the Lie derivative of s i in the direction X i . By Theorem 3.2, we have the following crucial inequality
for some constant C(n) depending only on n.
As Ric(g i ) ≤ 4n−1 i , applying Bochner formula to X i , we get
To prove the desired vanishing theorem for elliptic genera from (1.19) and (1.20) , we must get around the difficulty that X i might have zeros. We will prove a mean value inequality based on 
Hence s i ≡ 0 for sufficiently large i. Contradiction. Our method is influenced by the techniques in the classical papers [7, 51, 59] and combines the modularity and rigidity of elliptic genera as well as the mean value inequality obtained in Theorem 4.2.
We emphasize that the rigidity phenomenon of the Witten operators
is used in a crucial way in our proof of Theorem 1.2. For this reason, our method can not be used to prove a similar vanishing theorem for Witten genus as the operator D ⊗ Θ (T C M ) is not rigid in general [41] .
The paper is organized as follows. In section 2, we recall some basic facts about elliptic genera. In section 3, we prove an integral formula. In section 4, we prove a mean value inequality. Theorem 1.2 will be proved in section 5.
Basic properties of elliptic genera
In this section, we recall some basic properties of elliptic genera. Let M be a 4n dimensional compact spin manifold and Ell 1 (M ), Ell 2 (M ) be the elliptic genera. The following properties of elliptic genera are essential to us. 
Proof. See page 119-120 in [27] and [40] . expansion (1.4) is a virtual bundle, which is an integral linear combination of bundles of type
who are subbundles of tensor products of T C M of power at most k;
Proof. The first statement can be simply observed from (1.1), (1.2) and (1.4) . The proof of second statement can be found in Section 8.2 in [27] and [40] . We repeat here to show how the elliptic genus is determined by B k (T C M ) more explicitly.
Let
as usual be the famous modular group. Let
be the two generators of SL 2 (Z). Their actions on H are given by
be the two modular subgroup of SL 2 (Z). It is known that the generators of Γ 0 (2) are T, ST 2 ST , while the generators of Γ 0 (2) are ST S, T 2 ST S (cf. [10] ). It can be shown that Ell 1 (M ) is a modular form of weight 2n over Γ 0 (2) and Ell 2 (M ) is a modular form of weight 2n over Γ 0 (2) (c.f. [40] ). If Γ is a modular subgroup, let M R (Γ) denote the ring of modular forms over Γ with real Fourier coefficients. We introduce four explicit modular forms (cf. page 119 in [27] ),
They have the following Fourier expansions in q 1/2 :
where the "· · · " terms are the higher degree terms, all of which have integral coefficients. They also satisfy the transformation laws,
2)
One has that δ 1 (τ ) (resp. ε 1 (τ )) is a modular form of weight 2 (resp. 4) over Γ 0 (2), while δ 2 (τ ) (resp. ε 2 (τ )) is a modular form of weight 2 (resp. 4) over Γ 0 (2), and moreover M R (Γ 0 (2)) = R[δ 2 (τ ), ε 2 (τ )]. Therefore one can express Ell 2 (M ) in terms of 8δ 2 (τ ) and ε 2 (τ ) as 
(2.4)
The B i 's carry canonically induced Hermitian metrics and connections from the Riemannian metric and Levi-Civita connection on T M . Then
Comparing the q-coefficients in (2.3) and (2.5) and noticing that that 8δ 2 (τ ) starts from −1, one sees that each h r is a canonical linear combination of Ind 
are rigid.
Proof. See [9, 41, 42, 56 ].
Dirac bundles and an integral formula
In this section, we briefly review the Dirac bundles (c.f. page 114 in [37] ) and then prove an integral formula as well as an inequality, which will be needed in the proof of Theorem 1. for some t ∈ R. Then we have the following integral formula.
Theorem 3.1.
Proof. Let U be a vector field on M defined by
7)
where {e i } is a local orthonormal basis. Suppose at point p, we have ∇ T M e i e j = 0, ∀i, j.
Then at point p, we have The desired formula follows. Now we apply the integral formula in Theorem 3.1 to the Dirac bundles S(T M )⊗B k (T C M )), 0 ≤ k ≤ [ n 2 ], where S(T M ) is the spinor bundle over a compact 4n dimensional spin manifold M and B k (T C M )) involves linear combinations of tensor product of T C M at most to power k. We also assume that X is a Killing vector field generating an isometric S 1 action on M . By passing to a cover of S 1 , if necessary, we assume that the S 1 action preserves the spin structure of M .
where t ∈ R and L X s is the Lie derivative of s in the direction X. Then we have the following crucial inequality
11)
where C(n) is some constant depending only on n.
Proof. By (1.24) in [59] , we get
As ∇ T M is torsion free, we have
Since by Theorem 2.2, B k (T C M ) is an integral linear combination of bundles of type
who are subbundles of tensor products of T C M of power at most k, 0 ≤ k ≤ [ n 2 ], we see that
for some constant C(n) depending only on n. Then Theorem 3.2 is a direct consequence of Theorem 3.1.
A mean value inequality
In this section we prove a mean inequality which will be needed in the proof of Theorem 1.2. we firstly recall the following Poincaré-Sobolev inequality, see for example Theorem 2, page 386 and Theorem 3, page 397 in [6] . 
where V (g) is the volume of (M, g), S l 1 ,l 2 = (V (g)/vol(S m (1)) 1/l 1 −1/l 2 RΣ(m, l 1 , l 2 ) and Σ(m, l 1 , l 2 ) is the Sobolev constant of the canonical unit sphere S m defined by
As an application of Theorem 4.1, we get the following mean value inequality which is a generalization of Theorem 3 in [6] , pages 395-396. See also [38] pages 80-84. 
is a negative operator) in the sense of distribution for some nonnegative continuous function h 1 and Y is a C 1 vector field satisfying
for some nonnegative continuous function h 2 , then
where C(m, p, R, Λ) is some constant depending only on m, p, R = diam(g) bC(b) and
As (δǫ 1 1−ǫ ( 1 ǫ − 1)) 1 2 = 1 2S 2µ,2 , then δ = C(m, p)( 1 S 2µ,2 ) 2 for some constant C(m, p) depending only on m, p. Moreover, we have
Then
By the choice of ǫ, we have
where
Let k = µ i , i = 0, 1, · · · . Since K 1 = iµ −i and K 2 = µ −i is finite, multiplying (4.4), we get
Vanishing of elliptic genera
Now we are ready to prove Theorem 1.2. As discussed in the introduction, we prove it by contradiction. If Theorem 1.2 is not true, given n ∈ N and positive numbers p, λ 1 , λ 2 with p > 2n, then there is a sequence of compact 4n-dimensional spin Riemannian manifolds (M i , g i ) with infinite isometry groups and
Ell 1 (M i ) = 0 or Ell 2 (M i ) = 0. 
where C 1 (n, R i ), C 2 (n, p, R i , λ 2 ) are two constants depending only on n, R i and n, p, R i , λ 2 , respectively. Moreover,
as defined in Theorem 4.1.
Remark 5.3. If we think of C 1 (n, R i ) as a function of R i , then it is in fact a monotone increasing function of R i . Similarly C 2 (n, p, R i , λ 2 ) is a monotone increasing function of R i , λ 2 .
Proof. Since X i is a Killing vector field and Ric(g i ) ≤ 4n−1 i , applying Bochner formula to X i , we get
where ∆ is the Laplacian acting on functions which is a negative operator. On the other hand, by Kato's inequality [6] , we have |∇X i | ≥ |∇|X i ||. It follows that
Applying Theorem 4.2 to |X i |, we get
and C 1 (n, R i ) is some constant depending only on n, R i . If we think of C 1 (n, R i ) as a function of R i , from the proof of Theorem 4.2, then it is in fact a monotone increasing function of R i . Applying the Bochner formula to s i , we get
where Ψ i is a symmetric endomorphism of the bundle S(T M i ) ⊗ B k i (T C M i ) (c.f pages 210-211 in [53] and pages 164-165 in [37] ). By Theorem 2.2, B k i (T C M i ) is an integral linear combination of bundles of type
who are subbundles of tensor products of T C M of at most power k i and 0 ≤ k i ≤ n 2 , then we get Ψ i s i , s i ≥ −C(n)|ℜ g i ||s i | 2 for some constant C(n) depending only n. Define a vector field Y i by the condition
Then by the proof of Proposition 5.3 in pages 114-115, [37] , we get P 2 i s i , s i = P i s i , P i s i + divY i .
As P i s i + √ −1t i c(X i )s i = 0, then we have
For any x ∈ M i , by the choice of t i , we have
Hence we get 1 2 ∆|s i | 2 ≥ |∇s i | 2 − (C 1 (n, R i ) + C(n)|ℜ g i |)|s i | 2 − divY i (5.11)
By Kato's inequality, we have |∇s i | ≥ |∇|s i ||. It follows that |s i |∆|s i | ≥ −(C 1 (n, R i ) + C(n)|ℜ g i |)|s i | 2 − divY i (5.12)
By the definition of Y i , we get
Applying Theorem 4.2 to |s i |, we get |s i | 2 ∞ =: max x∈M i |s i | 2 (x) ≤ C 2 (n, p, R i , λ 2 ) M i |s i | 2 dV i V (g i ) for some constant C 2 (n, p, R i , λ 2 ) depending only on n, p, R i , λ 2 . If we think of C 2 (n, p, R i , λ 2 ) as a function of R i , λ 2 , from the proof of Theorem 4.2, then it is a monotone increasing function of R i , λ 2 .
Lemma 5.4.
for some constant C(n, R i ) depending only n, R i .
Proof. Let h i = |X i | 2 and h i = M i |X i | 2 dV i V (g i )
. By Theorem 4.1, we get
